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ABSTRACT 
An m-linear operator 2’ on a normed vector space V shall be called multiplicative 
if 
N(T(a,, . . . > %>) G NC%) ... W%l) forall ~,,...,a,, EV, 
N being the given norm. Similarly, we shall say that T is Jordan-multiplicatioe if 
N c T(u,,~~~, . . . , a,,(,,) i m!N(a,) *.. N(a,), al,. f . , a, c v, 
(TE s, 
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where S, denotes the symmetric group on m elements. Our purpose is to provide 
necessary and sufficient conditions for the multiplicativity and the Jordan-multiplica- 
tivity of T, when V is finite dimensional and N is a weighted 1, norm. The results 
obtained in this note generalize some of those in [I] where V was an associative 
algebra and the multilinear operation was simply the product of m vectors. 0 1997 
Elsevier Science Inc. 
Let V be a vector space over some field IF. Let T be an m-linear operator 
on V, i.e., a map of V” = V X *-* X V into V, linear in each of its m 
arguments. 
If 
N:V-+R 
is a norm on V, we shall say that T is submultiplicative (or, for short, 
multiplicative) with respect to N if 
N(T(a,, . . . , a,,)) g Wd -*a W4 forall a,,...,a, E V. (1) 
Further, we shall call T Jordan-multiplicative with respect to N if 
s,,, 
we 
bY 
N c T(a,c,,,...,a,c,, 4 ,<m!N(a,)..- N(a,) UE s,,, 
for all al,..., a, E V, (2) 
being the symmetric group on m elements. 
Surely, the first definition implies the second. In using these definitions 
shall often omit reference to N. 
If T is bilinear, then V becomes an algebra when multiplication is defined 
ab = T(a, b), a,b EV. (3) 
Thus, (1) and (2) come to 
N(ab) < N(a)N(b), 
and 
a,b E V, (4) 
N(ab + ba) < 2N(a)N(b), a,b E V, (5) 
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respectively. The inequality (4) tells us that N is submultiplicative in the 
usual sense, while if (5) holds, we say that N is Jordan-multiplicative. 
In general, a multilinear operator T does not induce multiplication in V. 
However, if V is an algebra and 
T(a,, . . I) a,,,) = a, *** a,,, 
is the product of m vectors, then (1) reduces to 
N(a1 *.. a,) Q N(q) *** N(a,,,), al,. . . , a,,, E V, (6) 
and (2) becomes 
N c a,(,) *** a,(,) < m!N(ai)*** N(a,,,), a,,...,~,,, E V. (7) 
UE s, 
Clearly, (6) is a natural generalization of submultiplicativity; and if (7) is 
satisfied, then following [l] we say that N is Jordan-multiplicative of order m. 
From now on we shall restrict attention to the case where V is finite 
dimensional with a fixed basis 
and N is the w-weighted 1, norm 
11&,1 = t w,JqL R a= Cffsg,EV, 
s=l s=l 
where 
w = (Wl>...>W,), wi > 0, 
is a given n-tuple of positive weights. 
A basis having been chosen, T is uniquely determined by its n”‘+ ’
structure constants 
defined by the relations 
T(gi,, gi,,*.*, gi,n> = Ii ‘~i,...i,,gs, ilri2,...,inl E {l,Q,...,n). 
s=l 
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Since multilinear operators are tensors, we shall follow standard tensor 
terminology and refer to our structure constants as the components of T. 
If T is bilinear, then with (3) in mind we can restate Theorem 2.2 and 
part of Theorem 2.1 in [I] as follows: 
THEOREM 1. Let T be a bilinear operator on V. Then: 
(a) T is multiplicative with respect to II . IIw, 1 if and only if 
(b) T isJorda - It’ I’ t n mu ap zca ive with respect to II* IIw, 1 if and only if 
n 
c US@ + 7g < 2WiWj, i,j = 1,2 ,...,n. 
s=l 
For example, let V = C2, and consider the bilinear operator 
T(a, b) = (al P2, PIED a=(a1,~2)T b=(&,&) EV. (8) 
Then for the standard basis 
we get 
e, = (LO), e2 = (0, l), 
l_ !2_ 2_ l- l- 
711 - 711 - 712 - 721 - 722 
- r& = 0, 
So by the theorem, T is multiplicative if and only if 
01, q 2 I, 
and Jordan-multiplicative if and only if 
6.Q + wa < 2w,w,. 
l- 
712 - T2”l = 1. (9) 
(10) 
(11) 
As expected, (10) implies (11). Moreover, as (11) allows wi = 4, w2 = $, 
we see that T can be Jordan-multiplicative without being multiplicative. 
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The purpose of this note is merely to use the technique displayed in 
Section 2 of [l] to provide analogs of the above results for the case where 2’ is 
m&linear. We begin by recording: 
THEOREM 2. lf T is an m-linear operator on V, then T is multiplicative 
with respect to (I - lIti, 1 if and only if 
i ~,l~~i,...i,,,l B oi,q2 e.0 q,,,, i,,i,,...,i, E {l,Z...,n). (12) 
s=l 
Proof. Suppose T is multiplicative, i.e., 
11% 1,. . . , a,,,) 1\,,1 G llalllw,~ *** lla,ll,,~, a,,..., a,EV. (13) 
Then selecting indices 
21>..., i,, E {1,2,...,n}, 
the inequality (13) with 
aj = gi,, j=l >*-*> m, I 
will imply (12), since 
and 
II gi,llW, 1= @i, 
IIT(g,,,.**p girn)llw,~ = 5 wslT~...i,l* 
s=l 
Conversely, suppose (12) holds, and let 
be arbitrary vectors in 
6 
Hence, 
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and the proof is complete. n 
on 
We next prove: 
THEOREM 3 (Compare [l, Theorem 2.11). Let T be an m-linear operator 
V. Then T is Jordan-multiplicative with respect to (1. (IwL.. 1 if and only $ 
. . 
’ Zl>22,...,Z,,, E {1,2 ,..., n}. (14 
Proof. Suppose T is Jordan-multiplicative; that is, 
c T( a,(,), * * . ) %7(m) )/I 
Q m! lla,ll,,~ .*- Ila,,,ll,,~, a,, . . . , a,,, E V. 
_” II (Tt b, t&,1 
(15) 
For i i l,“‘> m E {I,&. . . , n), we have 
llgi,lltL,l = y> j = l,...,m, 
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Whence, (15) with 
produces (14). 
Conversely, let (14) hold, and arbitrarily select vectors 
a,= kaisgsEV, i = 1,. . . , m, 
s=l 
so that 
Ilaillti.1 = i o,Iaisl. 
s= 1 
Now let g E S,,,. Then 
(16) 
n n 
= El c a . . . dl)i,(l) (y ~(mN,(,) 5-f b(1). i,(,) 1 gs; s=l i ,,..., i,,,=l 
and since 
we get 
8 
Consequently, 
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and so 
Q (l’) 
Finally, by (14), 
SO by (171, (18), and (16X 
and the theorem follows. n 
To illustrate Theorems 2 and 3, suppose T is bilinear, and let 
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be a linear functional. Then evidently, 
R(a,b,c) = @(a)T(b,c), a, b, c E V, 
is a trilinear operator on V. Further, 
R(gip gj> gk) s a(gi)T(gj> gk) = i @(gi)Tjigs2 i,j,kE(l,..., n), 
s=l 
where the T$ are the components of T. Hence, the n4 components of R are 
given by 
Pisjk = %zipjL i,j,k,sE[l,..., n}. 
Now, take V = CQ with the standard basis {e,, es}, let T be the bilinear 
operator in (8), and define 
@a(u) = a1 + ff2, a = (al,(Yp) EV. 
Then, 
@(ei) = 1, i = 1,2; 
so the 16 components of R are 
where the rji, j, k, s E {1,2}, are given in (9). 
By Theorems 2 and 3, R is multiplicative if and only if 
n 
c 4Piy < wiwjwk> i, j, k E {1,2}, 
and Jordan-multiplicative if and only if 
n 
i,j, k E {1,2}. 
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Hence, a short calculation implies that R is multiplicative precisely when 
q> q z 1, 
and Jordan-multiplicative precisely when 
w1 + w2 Q 3w,w, min(w,, o,}. 
It follows at once, for instance, that if 
then R is Jordan-multiplicative but not multiplicative. 
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